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In this paper, we discuss the solvability of the nonlinear parabolic

db;(x, u;)

systems associated to the nonlinear parabolic equation:T -
div(a(x, t,u;, Vu;)) — ¢;(x, t,u;)) + f;(x,uy,up) = 0, where the function
bi(x, u;) verifies some regularity conditions, the term (a(x, t, ui,Vui)) is

a generalized Leray-Lions operator and ¢; is a Carathéodory function
assumed to be continuous on u; and satisfy only a growth condition.
The source term f;(t,uy,u,) belongs to L'(Q x (0, T)).

1 Introduction

Given a bounded-connected open set Qof RN (N =2),
with Lipschitz boundary dQ, Qr = Q x(0,T) is the
generic cylinder of an arbitrary finite hight, T < +c0.
We prove the existence of a renormalized solutions for
the nonlinear parabolic systems:

BiCots) _ div(a(x, t, 15, Vi) - div(D;(x, £, u;))

+ﬁ‘(x,141,1/l2):0 in QT! (1].)

u; =0 on(0,T)xdQ, (1.2)

bi(x,u;)(t =0)=b;(x,u;9) inQ, (1.3)

where i=1,2. Here the vector field a4 : Q x R x

RN — RN is a Carathéodory function such that
—div(a(x, t,u;,Vu;)) is a Leray-lions operator defined
from the Inhomogeneous Musielak-Orlicz-Sobolev
Spcaes Wol’xL(p(QT)into its dual W‘l'xL¢(QT). Let b; :
QxR — R a Carathéodory function such that for every
x € Q, bj(x,.) is a strictly increasing C!-function, the
divegential term ®;(x, t, u;) is a Carathéodory function
satisfy only a polynomial growth with respect to the
anisotropic N-function ¢ (see (4.6)), the data u ; is in
LY(Q) such that b;(., ug;) in L'(Q) and the source f; is a
Carathéodory function satisfy the assumptions ((4.7)-
(4.10)). When problem ((1.1)) is investigated, there
is a difficulty due to the fact that the data by (x, ué(x))
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and by(x, ug(x)) only belong to L! and the functions

a(x, t,u;, Vu;), ®;(x,t,u;) and f;(x,uy,u;) do not belong
to (L}DC(QT))N in general, so that proving existence
of weak solution seems to be an arduous task, and
we cannot use the Stocks formula in the a priori esti-
mates of the nonlinearity , ®;(x, t, ;). In order to over-
come this difficulty, we work with the framework of
renormalized solutions (see Definition 3.1). One of
the models of applications of these operators is the

system of Boussinesq:

ou

= + (u.V))u = 2div(u(0)e(u)) + Vp = F(O)

in QT

ab(0)

ot
u(t=0) = up, b(6)(t = 0) = b(6)

u=0 0=0 on JQx(0,T)

u.Vb(0) - A0 = 2u(0)le(u)* in Qr

on Q

Equation first equation is the motion conservation
equation, the unknowns are the fields of displacement
u: Qr — RY and temperature 0 : Qr — R, The field
e(u) = %(Vu +(Vu)?) is the strain rate tensor.

It is our purpose, in this paper to generalize the
result of ([1], [2], [3]) and we prove the existence of a
renormalized solution of system (1.1).

The plan of the paper is as follows: In Section 2
we give the framework space, in Section 3 and 4 we
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give some useful Lemmas and basics assumptions. In
Section 5 we give the definition of a renormalized so-
lution of (1.1, and we establish (Theorem 5.1) the ex-
istence of such a solution.

2 Preliminaries

2.1 Musielak-Orlicz function

Let Q be an open subset of RN (N > 2), and let ¢ be a
real-valued function defined in Q xR, and satisfying
conditions:

®:¢(x,.) is an N-function for all x € Q (ie.

convex, non-decreasing, continuous, ¢@(x,0) = 0
,0(x,0) > 0 for t > 0, limtﬁosuperw = 0 and
lim;_, ., inf,cq (P(f’t) = 00).

D,:¢(.,t) is a measurable function for all ¢ > 0.

A function ¢ which satisfies the conditions ®; and
@, is called a Musielak-Orlicz function.

For a Musielak-Orlicz function ¢ we put @, (t) =
@(x,t) and we associate its non-negative reciprocal
function ¢!, with respect to ¢, that is

P (@(x 1) = (x5 (1) =t

Let ¢ and y be two Musielak-Orlicz functions, we
say that ¢ dominate y, and we write y < ¢, near infin-
ity (resp.globally) if there exist two positive constants
¢ and t; such that for a.e. x € Q
y(x,t) < @(x,ct) for all t > ty (resp. for all t > 0 ).
We say that y grows essentially less rapidly than ¢ at
O(resp. near infinity) and we write ¥ << ¢, for every
positive constant c, we have

. ct
lim;_, ( SUPxe 7:/)(();,2))) =0

. ,Ct
(resp-llmt—n;x) (SupXGQ 7:;:;3; ) = 0)

Remark 2.1 [4]. If y << @ near infinity,then Ye > 0
there exist k(e) > 0 such that for almost all x € Q), we
have

y(x,t) < k(e)p(x,et) Yt=0

2.2 Musielak-Orlicz space

For a Musielak-Orlicz function ¢ and a measurable
function u : Q — R, we define the functionnal

0p(u) = L @(x, |u(x)|)dx.

The set K,(Q) = {u : Q — R mesurable :
0¢,a(u) < oo} is called the Musielak-Orlicz class . The
Musielak-Orlicz space L, (Q2) is the vector space gen-
erated by K, (Q); that is, L,(Q) is the smallest linear
space containing the set K, ((2). Equivalently

Ly(Q)={u:QQ >R mesurable: p(prg(%) <oo, forsome A >56}S Plxs)+p(x,t)

For any Musielak-Orlicz function ¢, we put
P(x,5) = sup,so(st — @(x,s)).

Y is called the Musielak-Orlicz function comple-
mentary to ¢ (or conjugate of ¢) in the sense of
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Young with respect to s. We say that a sequence
of function u, € Ly(Q2) is modular convergent to
u € L,(Q) if there exists a constant A > 0 such that
lim,, o 0,0 ( un/\—u )=0
This implies convergence for o(I1Ly, 1Ly )[see [5]].
In the space L,(Q2), we define the following two
norms

lully, =inf{A>0: [, o(x, Mh)ax <1}

which is called the Luxemburg norm, and the so-
called Orlicz norm by

llulllg,00 = supyyy, <1 Jo () (x)ldx

where 1 is the Musielak-Orlicz function comple-
mentary to ¢. These two norms are equivalent [8].
K,(Q) is a convex subset of L,(€2). The closure in
Ly (€Q2) of the set of bounded measurable functions
with compact support in Q is by denoted Ey(Q).
It is a separable space and (E,(Q))" = L,(Q2). We
have E,(Q)) = K,(Q), if and only if ¢ satisfies the
A,—condition for large values of t or for all values of
t, according to whether () has finite measure or not.

We define

Wlqu)(Q):{ueL(p(Q):D“ueL(P(Q), Ya <1}
WIE,(Q)={u € E,(Q): D*u € E,(Q), Ya<l}
where a = (ay,...,ay)la| = |a]| + ... + |ay| and : D%u
denote the distributional derivatives. The space

wi L,(Q) is called the Musielak-Orlicz-Sobolev space.
Let
Op,0(1) = Lja<1 0p,0(D%u) and [lull, o = inf(A > 0 :
Op,0(1) <1} foru e WL, (Q).

These functionals are convex modular and
a norm on Wqu,(Q), respectively.  Then pair
(Wqu)(Q), ”uH(lPQ) is a Banach space if ¢ satisfies the
following condition [6].

There exists a constant ¢ >0 such that iné p(x,1)>c¢
X€

The space WlL(P(Q) is identified to a subspace of
the product [[,<; Ly(Q2) = [[L, We denote by D(Q)
the Schwartz space of infinitely smooth functions

with compact support in QO and by D(Q)) the restric-
tion of D(R) on Q. The space WO1 L,(QY) is defined as

the o(IILy, I1Ey) closure of D(() in WlL(p(Q) and the
space WO1 E,(Q)) as the(norm) closure of the Schwartz

space D(Q)) in WlL(P(Q). For two complementary
Musielak-Orlicz functions ¢ and ¢, we have (See [7]).

* The Young inequality:

foralls,t>0,xeQ.

e The Hoélder inequality

| o )0 < llull 0 vl for all
ueLy(Q)vely(Q)
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We say that a sequence of functions u, converges to
u for the modular convergence in WlL(p(Q) (respec-

tively in WO1 L,(€2)) if, for some A > 0.

=0

lim 3,0 ””A_ " )

n—o0

The following spaces of distributions will also be
used

WLy Q) ={f eD(Q): f= ) (-1)*D*f,

a<l
where f, € LII)(Q)}

and

WTEy(Q)={feD(Q): f=) (-1)*D"f,

a<l

where f, € EMQ)}

2.3 Inhomogeneous Musielak-Orlicz-

Sobolev spcaes:

Let Q be a bounded Lipschitz domain in RY and let
Q = QOx]0,T[ with some given T > 0. let ¢ be a
Musielak-Orlicz function.For each o €

NV, denote by D¢ the distributional derivative on Qr
of order a with respect to the variable x €

RN.  The inhomogeneous Musielak-Orlicz-Sovolev
spaces of order 1 are defined as follows

WL, (Q) = {u €L,(Q):Vlal<1, Dfue L(p(Q)}

W E,(Q) = {u € E,(Q): Vlal <1, DfueEy(Q)

The last is a subspace of the first one, and both are
Banach spaces under the norm

lull=") " IDgully,0

lal<m

We can easily show that they form a complemen-
tary system when () is a Lipschitz domain. These
spaces are considered as subspaces of the product
space I1L,(Q) which has (N + 1) copies. We shall
also consider the weak topologies o(I1L,,,I1E,) and
0(IILy,TILy). If u € WY L,(Q) then the function

t — u(t) = u(t,.) is defined on (0,T) with val-
ues in WlL(p(Q). If, further, u € Wl”‘E(p(Q) then
this function is a W]E(p(Q)—Valued and is strongly
measurable.  Furthermore the following imbed-
ding holds: W'*E,(Q) c L'(0,T; W'E,(Q)). The
space Wl"‘Lq)(Q) is not in general separable, if u €
WI’XL(p(Q), we can not conclude that the function
u(t) is measurable on (0,T). However, the scalar
function t — u(t) = |lu(t)llyo is in L'(0,T). The
space Wol‘xE(p(Q) is defined as the (norm) closure in
WE,(Q) of D(Q). We can easily show that when
Q) is a Lipschitz domain then each element u of the
closure of D(Q)) with respect of the weak" topology
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G(HL(P,HE¢) is limit, in WLXL((,(Q), of some subse-
quence (u;) € D(Q) for the modular convergence, i.e.
there exists A > 0 such that for all |¢| < 1,

D%u; - D?
J‘(p(x,(#)dxdteo as i — oo
Q

, this implies that (#;) converge to u in Wl"‘L(p(Q) for
the weak topology o(I1L, IILy). Consequently

D(Q)o(ﬂLq,,HEq,) - D(Q)U(HL‘/"HLIP)

, this space will be denoted by Wol’xL(P(Q). Further-
more Wol’XE(P(Q) = Wol’qu)(Q)ﬂl_IE(p. We have the fol-
lowing complementary system F being the dual space
of Wol'xqu(Q). It is also, except for an isomorphism,
the quotient of IILy, by the polar set Wg’XE(p(Q)l, and
will be denoted by F = Wl'XL¢(Q) and it is shown that

this space will be equipped with the usual quotient
norm

where the inf is taken on all possible decomposi-
tions

The space F is then given by Fy = W‘l’XE¢(Q).

Lemma 2.1 [4]. Let Q be a bounded Lipschitz domain
in RN and let ¢ and  be two complementary Musielak-
Orlicz functions which satisfy the following conditions:

e There exists a constant ¢ > 0 such that

inf p(x,1)>c¢

inf (2.1)

* JA > 0 such that for all x,y € Q with |x—y| < 3,

we have

@(x,1) (10 (AL>

‘<t R forall t>1. (2.2)
¢(®1)
J P,1)dx < oo (2.3)
Q
AC >0 suchthat ¢(y,t)<C ae in Q

(2.4)

Under this assumptions D(Q) is dense in L, (€2) with
respect to the modular topology, D(Q)) is dense in
WO1 L,(Q) for the modular convergence and D(Q) is
dense in WO1 L,(Q) for the modular convergence.

Consequently, the action of a distribution S in
W-IL(Q) on an element u of WolL(P(Q) is well de-
fined. It will be denoted by < S, u >.
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2.4 Truncation Operator

Tk, k > 0, denotes the truncation function at level k de-
fined on R by Ty (r) = max(—k, min(k, r)). The following
abstract lemmas will be applied to the truncation op-
erators.

Lemma 2.2 [4]. Let F : R — R be uniformly Lips-
chitzian,with F(0) = 0. Let ¢ be an Musielak-Orlicz func-
tion and let u € WLy (Q)(resp.u € W'E(Q)). Then
F(u) € WlL(p(Q)(resp.u € WolE(p(Q)).Moreover, if the
set of discontinuity points D of F’ is finite,then

d 3 F’(x)%
8—XZF(M)—{ 0 1

Lemma 2.3 Suppose that Q) satisfies the segment prop-
erty and let u € WO1 L, (€2). Then, there exists a sequence
u,, € D(Q) such that

a.e. in {x € Q; u(x) ¢ D}
a.e. in {x € Q; u(x) € D}

u, — u for modular convergence in WO1 L,(Q).

Furthermore, if u € WolL(p(Q) N L®(Q) then |luy,lle <
(N + 1)lllco-

Let QO be an open subset of RY and let ¢ be a
Musielak-Orlicz function satisfying :

1 -1
)
fo "M dt =

t°N

ae. xeQ (2.5)

and the conditions of Lemma We may assume
without loss of generality that

1 -1
0

N+1
t N

Define a function ¢* : Q x [0,00) by @*(x,5) =
-1
IOS ¢§V+(1t)dt x €Q and s € [0, 00).

N
@*its called the Sobolev conjugate function of ¢ (see

[1] for the case of Orlicz function).

xe Q)

a.e. (2.6)

Theorem 2.1 Let Q) be a bounded Lipschitz domain and
let @ be a Musielak-Orlicz function satisfying and
the conditions of Lemma Then

Wy Ly(Q) = Ly (Q)

where @* is the Sobolev conjugate function of ¢. More-
over, if ¢ is any Musielak-Orlicz function increasing es-
sentially more slowly than @ near infinity, then the
imbedding

Wi Ly(Q) = Ly(Q)

is compact

Corollary 2.1 Under the same assumptions of theorem

we have
Wy Lp(Q) > Ly (Q)

Lemma 2.4 If a sequence un u, € L,(Q) converges a.e.
to u and if u,, remains bounded in L, (Q), then u € L,(€2)
and u, — u for 0(L,(Q), Ey(Q)).
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Lemma 2.5 Let uy,u € Ly(Q). If uy, — u with re-
spect to the modular convergence, then u, — u for
0(Ly(Q), Ly(Q)).

See ([8]).

3 Technical lemma

Lemma 3.1 Under the assumptions of lemma and
by assuming that @(x,t) decreases with respect to one of
coordinate of x, there exists a constant ¢y > 0 which de-
pends only on () such that

J Q(x, |ul)dx SJ- @(x,c1|Vul)dx
Q Q

Theorem 3.1 Let Q be a bounded Lipschitz domain and
let @ be a Musielak-Orlicz function satisfying the same
conditions of Theorem Then there exists a constant
A > 0 such that

(3.1)

lullp < AlVully, ¥ € WyLy(Q)

4 Essential assumptions

Let Q be an open subset of RN (N > 2) satisfying the
segment property,and let ¢ and y be two Musielak-
Orlicz functions such that ¢ and its complementary
i satisfies conditions of Lemma|[2.T]and y << ¢.

by :OxR—->R

is a Carathéodory function such that for every x € Q,

(4.1)
b;(x,.) is a strictly increasing C!(IR)-function and b; €
L*(Q x R) with b;(x,0) = 0. Next for any k > 0, there

exists a constant A, >0 and functions A;‘( € L*(Q) and
B;'C € L,(Q) such that:
db;(x,s)

A;c S—5— < A;;(x) and

ahi , 1
vx( gjs))|SB;(x)

ae.xeQandVls| <k (4.2)

A : D(A) € WyLy(Qr) » WLy (Qr) defined by
A(u) = —diva(x,t,u,Vu),where a: Q x R x RN - RN is
Carathéodory function such that for a.e. x € (Q and for
all se R, & e RN, & = &

(A1) : la(xts,E) < Ble(x) + Py (y(xwls) +
P (@(x, volE)))),
B>0, c(x)€EyQ) (4.3)
(Az):(a(x,t,5,&) —alx,s,E)E-E) >0, (4.4)
(A3):a(xt,5,&).8 > ap(x,[E]). (4.5)

D(x,s,&): Q xIRXIRN - IRN isa Carathéodory func-
tion such that

[©;(x, 1, 5) < i (),
fi : QO xRxR — Ris a Carathéodory function with

fl(er;S) :fz(X,S,O) =0

(4.6)

ae.xeQ,VseR. (4.7)
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and for almost every x € (), for every 51,5, € R,

Sign(si)ﬂ(xrslrSZ) > 0. (48)
The growth assumptions on f; are as follows: For each
K > 0, there exists o > 0 and a function Fg in L'(Q)
such that
If1(x,51,82)] < Fi(x) + 0k |ba(x,52)] (4.9)

a.e. in Q, for all s; such that |s;| £ K, for all s, € R. For
each K > 0, there exists Ag > 0 and a function Gk in
L'(Q) such that

|f2(x,51,82)] < G (x) + Ak by (x,51)], (4.10)
for almost every x € Q, for every s, such that |s;| < K,
and for every s; € R.
Finally, we assume the following condition on the ini-
tial data u; (: for i=1,2.

u; o is a measurable function such that b;(.,u; o) € LY(Q),

(4.11)
In this paper, for K > 0, we denote by Ty : r —
min(K, max(r,—K)) the truncation function at height
K. For any measurable subset E of Qp, we denote by
meas(E) the Lebesgue measure of E. For any measur-
able function v defined on Q and for any real number
S, X{v<s) (respectively, x(y—s), X{v>s)) denote the charac-
teristic function of the set {(x,t) € Qr ; v(x,t) < s} (re-
Sfectively; {(x,t) € Qrsv(x,t) = sh{(x,t) € Qr;v(x, t) >
s}).

Definition 4.1 A couple of functions (u,u,) defined on
Q is called a renormalized solution of (4.1)-(4.11)if for

i =1,2 the function u; satisfies

T (u;) € Wy *L(Qr) and  b;(x,u;) € L°(0, T;L1(Q)),

(4.12)
J a(x,t,u;, Vu;)Vu; dxdt - 0  as m — +oo,
{ m<|u;|<m+1}

(4.13)
For every function S in W>*(IR) which is piecewise C!
and such that S’ has a compact support,we have

IB; s(x,u;)
ot
+S”(u;)a(x,t,u;, Vu;)Vu;

—div(S’(u;)a(x, t, u;, Vu;))

+div(S"(u;)i(x, t,u;)) = S”(u;)pi(x, t, u;)Vu;

+ fi(x, uy, u2)S (u;) = 0, (4.14)
Bi,S(x:“')(t=0):Bis(x;”io) inQ, (4.15)
where B; 5(r jo I(x,s

Due to (4.12), each term in (4.14) has a meaning in
WLy (Qr) + LY (Qr).

Indeed, if K such that suppS c [-K, K], the following
identifications are made in (4.14))

www.astesj.com

* Bis(xu;)) € L*(Qr), since |Bjs(xu;)l <
KA lzeo)lIS Lo ()
e S’(uj)a(x,t,u;,Vu;) can be identified with

S’(u;)a(x, t, Tx (u;), VIg(u;)) a.e. in Q. Since
indeed |Tk(u;)| < K a.e. in QT, . As a conse-

quence of (4.3] . , (4.12) and S’(u;) € L®(Qr7) , it

follows that

S"(u)a(x, T (u;), VTic(117)) € (Ly(Qr)™.
e S’(uj)a(x,t,u;, Vu;)Vu; can be identified with
S’ (u;)a(x, t, TK(”l) VTK(uz»VTK( i) ae. in

Qr.with (4.2) and (4.12) it has

S’ (ui)a(x, t, T (u;), VT (;))V T (1) € L' (Qr)

S”(u;)®;(u;)Vu;  respec-
tively identify with S’(u;)®;(Tg(#;)) and
S”(u;)®(Tx (4;))VTk(u;). In view of the prop-
erties of S and (4.6), the functions S’,S” and
® o Ty are bounded on R so that im-
plies that S’(u;)®;(Tx(u;)) € (L®°(Qr))N and
7 (ui) DTy (7)) V T (147) € (Lyp (Qr))N.

o S’(u;)fi(x, uy,uy) identifies with S
a.e. in Qp

(or S'(u;)fa(x,uy, Tx(up)) a.e. in Q). In-
deed, since | Tx (u )| K ae. in QT, assump—

tions and ( and using | and of

S’ (u ,)GL (Q), onehas
S’ (u) fi(x, Tg (u1), u) € L' (Qr)

and  S'(uz) fo(x, uy, Tx (u)) € L' (Qr).
As consequence, takes place in D’(Qr)

* S'(u;)®i(u;) and

and that
Pistti) ¢ rxpy o)+ LQn). (116)
Due to the properties of S and
B; s(x, 11;) € Wy Loy (Qr). (4.17)

Moreover (4.16) and (4.17) implies that
B; s(x,u;) € C%([0,T],L}(Q)) so that the initial
condition (4.15) makes sense.

5 Existence result

We shall prove the following existence theorem

Theorem 5.1 Assume that (4.1)-(4.11) hold true. There
at least a renormalized solution (uy,u,) of Problem (1.1).

We divide the prof in 5 steps.

Step 1: Approximate problem.

Let us introduce the following regularization of the
data: forn>0andi=1,2

1
b; n(x,5) = bi(x, T,(s)) + - s VseR, (5.1)

a,(x,t,5,&) =a(x,t,T,(s),&) a.e. in Q, Vs e R,VE € IRN,
(5.2)

184
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D, ,(x,1,5) =D, ,(x,t, T,(s) ae. (xt)eQr, VselR = f i (Xt i)V Ti (1, )dx dt
(53) | <k
1
] < X, t,u; ,))dxdt
fin(x51,52) = fi(x, T,y(51),52) ae in(Q,Vsy,s; €R, Luz n|<k}l’b( al ar Pt i)
(5.4)
fon(x,51,52) = fa(x,51, T,,(s2)) a.e.in ), Vsy,s5 €RR, +J. o (x, agVTi(u; ,))dxdt
(5.5) {li ul <k}
Ujon € CSO(Q): bi,n(xf ui,On) - b,-(x, ui,O) inL! (Q)
<[ gl ke
as n tends to +oo (5.6) {lui,nl<k} ag
Iéft (Xlilf )now consider the regelarized problem +j @(x, aéVTk(ui,n)dxdt
% - diV(an(x, Ui ns V”i,n)) - d“}(q)i,n(xx t ui,n)) i n|<K}

+fi,n(x’u1,nr MZ,n) =0 inQr, (
;=0 on(0,T)xdQ, (5.8)
bi,n(xt ui,n)(t = 0) = bi,n(xr ui,On) in Q. (
In view of (5.1), for i = 1,2, we have

<] pn gt Kxds
{lui,nl<k} 0(0

+J @(x, aéVTk(ui,n)dxdt
{lui <k}

then

db; ,(x, 1 . . .
9bin%:5) > =, |bi.(x,5) <max|bj(x,s)|+1 VseR, J Gin(xt, Te(u; )V Tk (1, )dx dt

0s n ! |s|<n Q
In view of (4.9)-(4.10), f , and f, , satisfy: There ex- <Cip+ aéJ. @(x, VTi(u; ,))dxdt (5.13)
ists F, € L'(Q),G,, € L'(Q) and 0, > 0,1, > 0, such Q
that We conclude that

|f1,n(x’51’52)| < Fn(x) + 0, MaXs| <y |bi(x15)| 1

ae. inxeQ,Vsy,s, €R,

3 J el | ot VT dxar
|f2,n(x151:52)| < Gu(x)+ Ay, maxXs\<n |b; (x, 5)]

ae.inx € Q,¥sy,s, € R. As a consequence, proving - aéJ. Q(x, VTi(ui ) dt dx + Ci . + Kllbi(x, 145 0,11 )
the ex1stence of a weak solution u; , € W *L »(Qr) of ;

(5.7)-(5.9) is an easy task (see e.g. [9]). Then
Step2: A priori estimates.

pl 5 o f
- Ty (u; dx+(a'—al x,VTi(u; ,))dtdx < C;.k
Let t € (0,T) and using Ty (u; )X (o) as a test func- 2 ,[Ql il ( ) o 9l (i) :

tion in problem (5.7), we get: _
Joy Bl (6,00 [, (1,101, Vit ) VT, )dxdt - Choosing aj such that

0< af) <min(1,a’)

(Pi,n(x: [ ”i,n)VTk(ui,n)dxdt (5.10)
Q we get
Ty (u; ) dxdt < f X, U dx,
f finTitt.) o Dk tion) f Q00 VT(u ) dxdt <Cik  (5.14)
n abi,ﬂ(x’ ) '
where B} (x,7) = . TTk(S)dS- Then, by (5.14), we conclude that Ty (u; ,) is bounded

in Wh*L ¢(Qr) independently of n and for any k > 0,
so there ex1sts a subsequence still denoted by u,, such
A that
n . on )2
J;) Bi,k(x’ ul,n(t))dx > 2 _L) ITk(uz,n)| dx: Yk > O: Tk(ui,n) N lzbi,k (515)

(5.11)

Due to definition of B?k we have:

weakly in W()I’XL(p(QT) for o(ITLy,TTEy) strongly
in E,(Qr) and a.e in Q.

0< f BY (.t 0)dx < kj Iby (17 0)ldx (5.12) Since Lemma(Z-T)and (513), we get also,
Q Q

and

<klb; (x, uio)llpiqy Yk > 0. P(x, k) meas{{lui,nl >k} N Bg x [0, T]}
In view of (4.8), we have th finTi(uin)dxdt > 0 Also,
we obtain with Young inequality: J J o(x, Ty (u; ,))dxdt
|Li, n|>k}mBR
it 10, )V Tyt < [t Tetunaxds
Qs Qr
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sdiamQTJ @(x, VT (u; ,))dxdt
Q
Then !
diamQr.C;.k
i k}nB 0, T } <—F—
meas{ (1> K} 1 By x[0,T]} < 020
Which implies that:
klim meas{{|u1-,n| > k} N Bg x [O,T]} = 0. uniformly
—+00
with respect to n.
Now we turn to prove the almost every con-

vergence of u;,, b;,(xu;,) and convergence of
@i (X, 1, T (1,), VT (14,1))-

Proposition 5.1 Let u;, be a solution of the approxi-
mate problem, then:

Ui, —u; aein Qr. (5.16)
bin(x, ujy) = bi(x,u;) aein Qr
b;(x,u;) € L*(0,T,L1(Q)). (5.17)
an(x, 1, T (i ), Vi (4,)) = Xk
in (Ly(Qr)) for o(ITLy, T1E,) (5.18)

for some X; i € (Ly(Qr))N

lim lim
m—+00 n—+00

ai(x, £ U, Vuiln)Vu,',ndxdt =0
m<|u; ,|[<m+1

(5.19)

Proof of (5.16) and (5.17):

Consider now a function non decreasing g, € C?(IR)
such that gi(s) = s for [s| < 5 k and gi(s) = k for |s| > k.
Multiplying the approximate equation by g/ (u; ,), we
get
aB;(’,';(x, Uin) )
T - d“](an(xf £ Ui s Vui,n)gk(ui,n))

+ﬂn(X, t, Ui ny V”i,n)g];’(ui,n)vui,n (520)

+ div(CPi,n(x, t, ui,n)g,é(ui’n)) — g (Ui )i (b, 15 )Vt
+fingi(1y)=0  inD'(Qr)
z abl n(x,-s)

here B (x,2) = | —2""g!(s)ds.
where k’g(x z) J:) s g (s)ds

Using (5.20),we can deduce that g(u;,) is bounded

. 1,x aBl n (o,uj, n) . 1
in Wy Ly,(Qr) and — is bounded in L' (Qt)+

W’l'xLlP(QT) 1ndependently of n.
thanks to (4.6) and properties of g, it follows that

|j i 1y 1) gl 1) x|
Qr

< ||g,:||o<,fQ ¢, 0™ (x, Ty o)) dxd
T

www.astesj.com

<lgille(9 0l ) [ cilrmnidxdt) < Cy

Qr
By (5.13), we get

|J‘ gk ul n qbl n x't ul n)vul ndxdt|

<llgtllo( o + cz;f PO, VT (s, ))dxdt) < C2,

where Clk and C? i constants independently of n.

we conclude that agk;# is bounded in L'(Qr) +
W’l’xLl/,(QT) for k < n. which implies that gi(u; ,) is
compact in L'(Qr).Due to the choice of g, we con-
clude that for each k,the sequence Tj(u;,) converges
almost everywhere in Qp, which implies that the se-
quence u; , converge almost everywhere to some mea-
surable function u; in Q.

Then by the same argument in [9], we have

u; y, — u; a.e. Qr, (5.21)

where u; is a measurable function defined on Q7. and

Qr

bi n(x,u; y) = bi(x,u;) a.e.in

by (5.15) and (5.21) we have

Tie(14i,n) = Tie(u;) (5.22)
weakly in WOI’XL(p(QT) for o(I1L,,ITEy) strongly in
Ey(Qr)and a.ein Qr.

We now show that b;(x,u;) € L®(0, T;L}(Q)). Indeed
using %Tg(um) as a test function in (5.7),

1

‘ 1
—j bfn(x,u,-,n)(t)d“—j (X, , Vit; )V T (15 ,) dx dt
€ Ja 7 & Qr

1 1
- J q)i,n(x’ t, ui,n)VTe(”i,n) dxdt+— j fi,n(x’ Ul,ns u2,n)Ts(ui,n)
€Jor € Jor

1 .
= —J bfn(x,ul-’()n)dx,
cJa
(5.23)
for almost any t in (0,T). Where, b (r) =

JO s)ds. Since a,, satisfies (4.5) and f;, satis-
fies 1.} we get
Q b, n(x, U, n) ) t)dx < IQT q)i,n(x: £ ui,n)VTe(ui,n) dxdt

+J by (%, 1 o) dx, (5.24)
o b

By Young inequality and (4.6), we get

J‘ D; (%, t,u; ) VT (1 ,)dxdt < J Y(x, D; ,(x,t,u; ,))dxdt
Qr

|Mz',n|§‘E
+J- @(x, VT (u;,))dxdt
[uj nl<e

< gl v gt measQr) | (@l VTl

|ui,n|5£

(5.25)
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Using the Lebesgue’s Theorem and ¢(x,VT.(u;,)) €
W, “L(Qr) in second term of the left hand side of the

(5.25) and Letting ¢ — 0in (5.24)we obtain
L|bi,n<x,ui,n><t>|dxs||bi,n<x,uz-,oﬂ>||p<m (5.26)

for almost t € (0,T). thanks to ) , and
passing to the limit-inf in (5.26), we obtain b;(x, ;) €
L*®(0, T;LY(Q)). Proof of :

Following the same way in([10]),we deduce that
ay(x,t, Ty(u; 4), VT (u; ,)) is a bounded sequence in

(Llp(QT))N,and we obtain .

Proof of (5.19) :
Multiplying the approximating equation (5.7)) by the
test function 0,,(u; ) = Tpp1 (i ) — T (Ui 1)

f By (%, 4 (T))dlx +
Q

ay(x, t, 15, Vi )VO,, (u; y)dx dt
Qr

+ 0 ¢i,n(xr t ui,n)vam(ui,n)dxdt
T

(5.27)

+ f,-,nemwi,n)dxdtsf By (%, 1500k,
Qr Q

' Ibj u(x,s)

f 0,,(5)

ds.
0 ds ’

where B; ,,(x,7) =

By (4.6),we have

o (Z)i,l’l(xx £ ui,n)vem(ui,n)dx dt
T

: _f w(x’E¢;l¢(x7|ui,rz|))dxdt
m<|u; ,|<m+1 €

+<—:j @(x,VO,,(u; ,))dxdt
mslui,n|5m+1

Also fQT finOm(u;)dxdt > 0in view of (4.8).Then,
The same argument in step 2 , we obtain,

J @(x,Vu; ,)dxdt
Qr

< [ o Ly ot s s
m<|u; ,|<m+1 €

+ J- Bi,m(x: ui,On)dx)
Q

Where C; = ﬁ where 0 < € < a’.

passing to limit as n — +o0 ,since the pointwise con-
vergence of u;, and strongly convergence in L!(Qr)
of B; ,(x,u;0,) we get

lim
n—+oo QT

@(x,Vu; ,)dxdt

A By .
se(f . weLuoteluiaas

www.astesj.com

o [ Bt uoris)
Q

By using Lebesgue’s theorem and passing to limit as
m — 400, in the all term of the right-hand side, we get

lim lim
M—+00 n—+00

@(x,Vu; ,)dxdt =0

m<|u;|<m+1

(5.28)

and the other hand, we have

lim lim

m—+00 n—>+00

f il 11 VO (1)
Qr

< lim lim
mM—+00 —>+00

(P(xr Vam(”i,n))dx‘it

m<|u;|<m+1

Y%, Pin(X, 1 1 ))d xdt

m<|u; ,|[<m+1

+ lim lim
m—+00 n—>+00
Using the pointwise convergence of u;, and by
Lebesgue’s theorem,in the second term of the right
side ,we get

lim
n—+00

Y(x, P n(x,t,u; ,))dxdt

m<|u; ,|<m+1

= j P(x, di(x,t,u;))dxdt,
m<|u;|<m+1

and also ,by Lebesgue’s theorem

lim

m—+o0

P(x, pi(x, t,u;))dxdt =0

m<|u;|<m+1
we obtain with (5.28) and (5.29),

0 qbi,n(xf t, ui,n)vem(ui,n>dth =0
T

(5.29)

lim lim

m—+00 n—+00

then passing to the limit in (5.27), we get the (5.19).

Step 3: Let v; ; € D(Qr) be a sequence such thatv; ; —

u; in Wol’xL(p(QT) for the modular convergence.

This specific time regularization of Ty(v; ;) (for fixed
k > 0) is defined as follows.

Let (affo)ﬂ be a sequence of functions defined on Q)
such that

aly e LY(Q)NWyLy(Q) forallp>0  (5.30)

llaf olleo(ca) < k for allp > 0.

M .
and a; ; converges to  T(u;o) a.e. in ()
1 I
and’—lllai’ollw,g convergesto 0 p— +oo.
For k > 0 and p > 0, let us consider the unique solu-

tion (Ti(v; ), € L¥(Q)N WOI’XL(p(QT) of the monotone
problem:

MTlvig)y #(Tk(vi )y = Ti(vij) = 0 in D'(Q),

ot
(5.31)
(Te(v;,)u(t = 0)=alyin Q. (5.32)
Remark that due to
Ty (vi ) N
— g WLy (333
187
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We just recall that,

for fixed K > 0:

o . db;s, (i) ;
rem ’ 7 . n >
liminf lim lim, | (g S W) 20,
(Tx(vij)y = Tk(u;) ae.in Qr, weakly* in L®(Qr), (5.41)
(5.34) _ _ . , .
i, i J, St T =0
. (5.42)
(Te(i )y = (Te(w)y in Wy™Ly(Qr)  (5.35)
lim 111’1’1 lim S,’,;(ul-,n)Wi” CDl-,n(x,t,ui,,,)Vuiyn:O,
},{—)+DO]—)+00 n—+oo QT M
5.43
for the modular convergence as j — +oo0. ( )
mlg}rloo Mlirfmjglﬁl-loo nLiIPOO 0 S;;(ui’n)witlj’ﬂa”(x’ Z ui'”’vui'”)vui'”| =0
T
(Telw)y = Telw) in Wg*Lo(Qr)  (5.36) 3.44)

for the modular convergence as p — +co.

(T (i) llo (@) < max((Ti(ui)llzo(op) lag =) < k

(5.37)
VY u>0,Y k>0. Now, we introduce a sequence

of increasing C*(IR)-functions S,, such that, for any

m>1

Su(r)=rfor|r|<m, supp(S,,) C[-(m+1),(m+1)]
(5.38)

ISmllLeo(r) < 1.

Through setting, for fixed K > 0,

W = T (uin)=Tg (vij),  and = W, = Tic(ui,n)=Tic (1),
(5.39)
we obtain upon integration,
ob; s (u;
J- < 1,55( l’n),ng’”>dxdt
Qr t
+ J Sy y)an(x, u;’,Vuiyn)VWi’fj’” dxdt
Qr
+ J. S,;;(ui,n)Wi’fj’ﬂan(x, Ui o Vi ) Vu; , dx dt
Qr (5.40)

+J CDiyn(x,t,ui,n)S,;l(ui,n)VWi’jj’ﬂdxdt

Qr

+J. S,;;(ui,n)Wi’fj’FGJi,n(x,t,ui’n)Vui'ndxdt
Qr

+ fi,n(xr Ml,n:u2,n)Sr’n(ui,n)Witl]‘”4 dxdt=0
Qr

Next we pass to the limit as n tends to +co , j tends
to +co, p tends to +oo and then m tends to +oo, the
real number K > 0 being kept fixed. In order to per-
form this task we prove below the following results

www.astesj.com

lim lim lim

. 4 . noo—
P—>+00 j—too H—>+00 Qr fz’n(x, s uzm)s”’(ul’n)w’rﬁll 0.

(5.45)
limsupf a(x, t, 4y, VI (U; )V TIg (0 ,)dxdt
n—+oo Qr

(5.46)

SJ- X kVTk(u;)dxdt. (5.47)
Qr

IQT [a(x, t, Tk(ui,n)f VTk(ui,n)) - a(x, t, Tk(ui,n)r VTk(”i))]

(VT (1 ) — VTi(u;)]dxdt — 0. (5.48)

Proof of (5.41):

Lemma 5.1

ab U
JQ (L) g1 Wi Naxdt = e, m),
T
(5.49)
See [23]. Proof of (5.42):

If we take n>m+ 1, we get
Pin (%t 150) Sy (i ) = i (%8, T (147,0)) S (1)
Using (4.6), we have:
D(Pin (6t Tpp1 (15,0) S (147 ) < (mA1)(pi(x, £, Ty (47,)))

< (m+ D)p(lle(x, )llpo(op ™ M(m+1))

Then ¢; ,(x,t,u,)S;(u;,,) is bounded in Ly (Qr), thus,
by using the pointwise convergence of u;, and
Lebesgue’s theorem we obtain ¢; ,(x, t,u; ,)S,(u; ) —
¢i(x,t,u;)Sy,(u;)  with the modular convergence as
n — +oo, then (Pi,n(x’ t, ui,n)sm(ui,n) - ¢(x’ t, ui)sm(ui)
for o([ Ly, [TLy)-

In the other hand VWi’jj,y = VTi(uin) = V(Ti(vi j)y
for converge to VTi(u;) — V(Tx(v;)), weakly in

(Lp(Qr))N then

¢i,n(xr £ ui,n)sm(ui,n)vwinj dxdt
Qr r

- Bi(x, 1, ;) S
Qr

u;)VW; i dxdt

oM
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as n — +oo.
By using the modular convergence of W; ; , as j — +oo
and letting p tends to infinity, we get .
Proof of (5.43):
For n>m+1 >k, we have Vu; , S, (1; ) = V01 (45 )
a.e. in Qp. By the almost every where conver-
gence of u; , we have Wl”] P Wi ju in L%(Qr) weak-
* and since the sequence (¢; ,(x,t, Ty11 (¢ )y con-
verge strongly in E;,(Qr) then

(Pi,n(x’ £ Tm+1 (ui,n)) Wiijj,# - (i)i(x’ £ Tm+1 (ui)) W;

i,j,p

converge strongly in E,(Qr)as n — +oc0.By virtue of
VT (it) = VT (1) weakly in (L, (Qr))N
+00 we have

as n —

J ¢1n(x't Tm+1(”1 n))vulns (ul ,,)Wl”]ydxdt
m<|u; ,|<m+1

¢(x, t,u;))Vu; Wi i dxdt

Ljp
m<|u;|<m+1

as n— +oo

with the modular convergence of W;;

and letting y — +co we get (5.43).
Proof of (5.44):

For any m > 1 fixed, we have

as j — +oo

| J Soi(i )y (x, 8,15, Vg )Vt Wi’f]-’” dx dt|
Qr

< MISplle=w) IV

xVu; ,dxdt,

for any m > 1, and any p > 0. In view (5.37) and (5.38),

we can obtain

limsup|f St ) (x, 8,14, Vi )V Imdxdtl
Qr

n—+oo

< 2KlimsupJ- ay(x, t,u; ,, Vi ,)Vu; ,dxdt,
{m<|u; z|<m+1}

n—+oo

(5.50)
for any m > 1. Using (5.19) we pass to the limit as

m — +oo in (5.50) and we obtain (5.44).
Proof of ([5.45):

For fixed n>1 and n>m+ 1, we have
fl,n(xlul,nr u2,n)s;n(u1,n)
= fl (x, Tm+1 (ul,n)r Tn(”Z,n))Sr,n(ul,n)r

f2 n(xl U s ”Z,n)sfn(uln)

- f2 x, ul n Tm+1(”2,1l))51;1(u2,n)1

In view (4.9),(4.10),(5.22) and Lebesgue’s the theorem

allow us to get, for

lim
n—+o0

f fi,n(xl U, uz,n)S%(ui,n)Wirfj,# dxdt
Qr

= ﬂ(x;ul)uz)s;n(ul) Ijﬂdxdt
Qr

www.astesj.com

Using (5.35), we follow a similar way we get as j —

400,

lim fi(x, uq,u3)S,,(u;) Wi judxdt
]4>+oo QT

= o iy, 42) Sy (1) (Tie (u) — T (7)) dx dt
T

we fixed m > 1, and using (5.36), we have

tim [t 0153
p—+00 Or
Then we conclude the proof of (5.45).

Proof of (5.46):

If we pass to the lim-sup when 7 ,j and u tends to +oo
and then to the limit as m tends to +oo in (5.40). We

obtain using (5.41)-(5.45), for any K >0,

ui)(Tk (u;) = T (7)) dxdt = 0

lim hmsuphmsuphmsupf St )y (x, 8,145, Vid; )
Qr

Mm=+00 4 stc0 jo+oo  n—teo

(VT (i) = VTk (v, ), ) dxdt 0.

Since
S;n(”i,n)an(xf £y, Vui,n)VTK(ui,n)

= an(xi £ U, Vui,n)VTK (ui,n)

for n> K and K < m. Then, for K <m,

ij, ’AHLOO(QT) J;m<|u. <m1) an(X, t, Ui ns vui,n) lim sup J‘Q gn(_x, t, Ui vui,n)VTK(ui,n) dxdt
S pls r

n—+oo

< lim hmsuphmsuphmsupf St ) (5.51)
Qr

m—+00 ]/l—>+oo ]—>+oo n—+oo

ay,(x, Ui n Vui,n)VTK (Ui,j)y dxdt.

Thanks to , we have in The right hand side of

(5.51), forn>m+1

Siga(ui,n)an(xr t Ui ns vui,n)

= S:n(”i,n)a(xf t, Tonr1 (i), VT4 (”i,n)) a.e. in Qr.
Using (5.18)), and fixing m > 1, we get
S;n(ui,n)an(ui,nrvui,n) - Sr’n(ui)Xi,m+1 Weakly in (Lw(QT))N~

when n — +oo .
We pass to limit as j — +co and g — +0co, and using

633)-639)

limsuplimsuplimsup J. Spi(ui p))an(x, t,u; ,
Qr

H—>+00 j~>+c>o n—+oo

’Vui,n))vTK(vi,j)y dxdt

= J Sp(i)Xi 1 VTx (u;) dx dt
Qr

= J Xime1 VT (u;)dxdt
Qr
(5.52)
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where K < m, since S,,(r) = 1 for |r| < m. Since (1.1)), (4.4) and (5.22), imply that the function
On the other hand, for K < m, we have ag(x,s,&) is continuous and bounded with respect to
s. Then we conclude that (5.57).
a(x’ t, Tt (ui,n)' VT (ui,n))X{lu,-’,,|<K} Proof of 1’
Using (4.5) and (5.48), for any K > 0 and any T’ < T,
= a(x, t, TK(”i,n)l VTK(”i,n))X{lui,nKK}: we have
a.e. in Qr. Passing to the limit as # — +o0, we obtain [a(x, t, T (14, VT (1)) — alx, 1, TK(”i,n)fVTK(”))]

Xima1 X{lus1<k) = Xi k X{lu;1<k) ~ a-e. in Qr—{lu;| = K} for K <n.
(5.53) x [VTK(u,-,n) —VTK(ui)] =0 (5.60)
Then

T 3 T . 4 strongly in L'(Q7/) as 1 — +c0 .
Xmar VIxc (i) = Xk VTic(w;) - a.e.in Qr. (5:54) O the other hand with (5.22), (5.18), (5.56) and

Then we obtain ((5.46). (5-57), we get
Proof of (5.48):
Let K > 0 be fixed. Using (4.5) we have ﬂ(x, t, TK(Mi,n),VTK(Mi,n))VTK(Mi)

I it T, 9T, = s, T, VT
Qr - a(x, t, TK(”i)'VTK(ui))VTK(ui)

[VTK(Mi,n) - VTK(ui)]dxdt >0,
(5.55) weakly in L'(Qr),
In view and (5.22), we get

alx,t, T (1), VT (1)) = a(x, £, T (1), Vg () ace. in Qr, o5t Tt,), VT 1) |V Tz,

as 1 — +oo0, and by lb and Lebesgue’s theorem, we
obtain = a3, e, VT () [V T ()
weakly in L'(Q7),

ﬂ(x, t, TK(”i,n)’VTK(ui)) - ﬂ(X; t, TK(ui)'VTK(Mi))

(5.36) (%8 Tic000, VT ) [0 T
strongly in (LIP(QT))N. Using (5.46), (5.22), (5.18) o\t Tic (i), VT (1) |V Tic ()

and (5.56), we can pass to the lim-sup as n — +oo0 in
(5.55) to obtain (|5.48).
To finish this step, we prove this Lemma:

— a(x, t, TK(ui),VTK(ui))VTK(Mi),

Lemma 5.2 Fori=1,2 and fixed K > 0, we have strongly in L'(Q), as n — +oo.
It’s results from (5.60), forany K >0 and any T’ < T,
Xix = a(xt, Te(u;), VTx(w;)) ae inQ.  (5.57)

AZSO, as n — +oo, a(x' f, TK(ui,n)rVTK(ui,n))VTK(ui,n)
a2, t, T (ti ), VT (u3,) )V Tic (t4,0) = a3, , Tic (i), DT (1) )V T (),
(5.58) = a(x,t, Tic (), VTic(wg) |V T o) (5.61)
weakly in L1(Qr).
weakly in L' (Q7/) as  — +oco.then for T’ = T, we have

Pfo‘)f of (5.57): (5.58). Finally we should prove that u; satisfies (4.13)).
It’s easy to see that Step 4:Pass to the limit.

we first show that u satisfies (4.13|)
an(x,t, T (1), €) = al(x, t, T (u;,), §) = ag (x, £, T (1), €) E13

a.e. in Qp J a(x,t, 4, Vi )V, pdxdt
for any K > 0, any n > K and any & € RV, ms|uj | <m+1}

In view of (5.18)), (5.48) and (5.56) we obtain

= L an(x’ £ Ui ns V’/‘i,n)livrl—‘rwrl (ui,n) - VTm(ui,n)] dxdt
T

n—+oo0

lim aK(x,t,TK(u», ), VT (s ))VTK(uZ-, Vdxdt
Qr v v ! :L an(xftrTm+1(”i,n)IVTm+1(”i,n))VTm+1(”i,n)dth
T

= J Xi’KVTK(Lli)dxdt.
Qr _J an(xi t, Tm(ui,n)rVTm(ui,n))VTm(ui,n) dxdt
(5.59) Qr
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for n>m+ 1. According to (5.58), one can pass to the
limit as n — +o0 ; for fixed m > 0 to obtain

lim

n—+oo

ay(x, t,u;,, Vi )Vu; pdxdt

m<|u; ,|<m+1}

- L {58, T () VT 6 |V Ty 1)
—f a(x,t, Tm(ui),VTm(ui))VTm(ui)dxdt
0

= f a(x, t,u;, Vu;)Vu; dxdt
m<|u;|<m+1}
(5.62)
Pass to limit as m tends to +oco in (5.62) and using

(5.19) show that u; satisfies (4.13).
Now we shown that u; to satisfy (4.14)and (4.15).

Let S be a function in W>*(IR) such that S’ has a com-
pact support. Let K be a positive real number such
that supp S’ € [-K, K]. the Pointwise multiplication of
the approximate equation by S’(u; ,) leads to

ast (Uin)
ot
+ S”(ui,n)an(xl Ui ny VMi,n)vui,n
= div (003,11,
+ S”(”i,n)q)i,n(xf £, ”i,n)vui,n
= fi,n(xf Ut,ns ul,n)S’(ui,n)
in D’(Q7), fori=1,2.
Now we pass to the limit in each term of (5.63).

JB} in .
Limit of ”sa(tu . ): Since B} (u; ;) converges to B; s (u;)
a.e. in Qr and in L*(Qr) weak % and S is bounded

dBY o (u; ob: o (u:) .
’Z(t i) converges to % in

—div (S/(ui,n)an(x’ Ui ns vui,n))

(5.63)

and continuous. Then
D’(Qr) as n tends to +oo.

Limit of div(S’(ui,n)un(x, t, ui’n,Vuiln)):
supp S’ € [-K, K], for n > K, we have

Since

S/(ui,n)an(xl t, Uiy, VMi,n)

= S’(ui,n)an(xr t, TK(ui,n)’ VTK(ui,n))

a.e. in Qr. Using the pointwise convergence of u; ,

, (5.38),(5.18) and (5.57)), imply that

S ) (X, Ti (11, Y Ti )

N S'(ui)(l(x, t, TK(ui),VTK(ui))

weakly in (L,’,,(QT))N, for o(TILy,I1E,) as n — +oo,
since S’(u;) = 0 for |u;| > K a.e. in Q7. And

Sl(ui)ﬂ(x, t, TK(”i)’VTK(ui)) = S'(uj)a(x, t,u;, Vu;)

Qr.

Limit of S”(u;,)a,(x,t,u;,, Vi, )V ,.
suppS” c [-K,K], for n > K, we have

a.e. in

Since

S”(ui,n)an(xr t Ui ns Vui,n)vui,n

www.astesj.com

= 8t )a 3,1, i) Vi)V Tl ace. in Qr.

The pointwise convergence of S”(u;,) to S”(u;) as

n — +oo, (5.38) and (5.58) we have

S”(ui,n)an(xr LUy, Vui,n)vui,n

— 7 (ug)a{x,t, Te(ug), VTi() |V Tio)

weakly in L'(Qr), as n — +00, and
S (u)al ., T ), VT ) | T (o)

=S"(u;)a(x, t,u;, Vu;)Vu; a.e.in Q.

Limit of S"(u; ,)®; ,,(x,t,u; ,): We have
S,(ui,n)q)i,n(xr t ui,n)
= S,(ui,n)q)i,n(xf t, TK(ui,n))

a.e.in Qr, Since supp S’ C [-K,K].Using (4.5),
and (5.16), it’s easy to see that

S/ (i )P (X, 8,15 ) = S (u;)P;(x, t, T (u;)) weakly for
o(ITLy,T1L,) as n — +oco. And S”(u;)Di(x, t, Tg (u;)) =

S’ (u;)®;(x,t,u;) a.e. in Q.

Limit of S”(u;,)®;,(x,t,u;,)Vu;,: Since S’ €
WLe(R) with suppS’ < [-K,K], we have
S”(ui,n)q)i,n(x’ b1t )Vt = @; (%, 1, TK(ui,n»VS/(TK(ui,n))
a.e. in Q. The weakly convergence of truncation al-
lows us to prove that

8" (14 )Py (X, 8, ) Vit — Dj(x, 8, 1;)VS (1),

strongly in LY Q).

Limit of f; ,(x,uy,, 12,)S (u;,): Using (4.9), (4.10),
(5.4) and (5.5)), we have
fin(x,uy ytin0)S (U ) = fi(x,u1,u2)S’(14;) strongly in
LY(Qr), as n — +co.
It remains to show that for i=1,2 Bg(x, u;) satisfies the
initial condition (4.15).
To this end, firstly remark that, in view of the defini-
tion of Sg’o, we have B, (x, u;,) is bounded in L*(Qr).
Secondly, by (5.41 —an,(;c;u,,n) is
bounded in LY(Qr) + W‘I’XLIP(QT)). As a conse-
quence, an Aubin’s type Lemma (see e.g., [11], Corol-
lary 4) implies that B, (x,u; ) lies in a compact set of
CO([0, TLLH(Q)) -
It follows that, on one hand,B(P(x, u;,n)(t = 0) con-
verges to By (x,u;)(t = 0) strongly in L'(Q). On
the order hand, the smoothness of B, imply that
By (x,u;,,)(t = 0) converges to By, (x,u;)(t = 0) strongly
in L'(Q), we conclude that By(x,uiy)(t = 0) =
By (x,u;0,) converges to By(x,u;)(t = 0) strongly in
L'(Q), we obtain By (x,u;)(t = 0) = By(x,1,0) a.e. in (
and for all M > 0, now letting M to +oo, we conclude
that b(x, u;)(t = 0) = b(x, u;¢) a.e. in Q.

As a conclusion, the proof of Theorem is com-
plete.

we show that
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